BEST Li-APPROXIMATION WITH VARYING WEIGHTS ANDRÁS KROÓ
ABSTRACT. It is proved in this note that the so-called A-property is necessary in order that the finite-dimensional space ¡7 be Chebyshev in C(K) with respect to the norm ||/|| = J u\f\ for every positive continuous weight w. It is also shown that for each finite-dimensional subspace U there exists a positive continuous weight u> such that U is Chebyshev in C{K) with respect to this weight a;.
NOTATION. Let K be a compact subset of Ra and denote by C(K) the set of continuous real functions on K. Furthermore, we denote Wc -{w G C(K) : to > 0 on K} and W = {u: uj is measurable and 0 < inî{oj(x): x G K} < sup{a;(x): x G K} < co}. For any weWwe denote by C^(K) the space C(K) endowed with the norm
Furthermore, we shall say that a finite-dimensional subspace U in C(K) is a Chebyshev subspace of C^(K) if every / G C(K) has a unique best approximant in U with respect to norm (1). We shall assume that IntÄ" = K. By a result of Strauss [3] if U satisfies the so-called A-property then U is a Chebyshev subspace of CM(K) for every w G W. In [1] we proved the converse of this statement: If U is Chebyshev in CU(K) for every u &W then U is an A-space. Independently, Pinkus [2] gave another version of this result. He showed using a different method that the A-property is necessary even for uniqueness with respect to all continuous weights u> G Wc • However, a price had to be paid in that U should satisfy (2) v(Z(u)) = p(lnt(Z(u))), ueU. In the proof of Theorem 1 we shall follow the approach used in [1] with some more technical details needed for construction of continuous weight.
The above results indicate that A-spaces are the only subspaces of C(K) which guarantee uniqueness of best approximation in C^fó) for every to G Wc-On the other hand it will be shown below that each finite-dimensional subspace of C(K) is Chebyshev in CU(K) for some lj g Wc-THEOREM 2. For any finite-dimensional subspace U in C(K) there exists an u G Wc such that U is a Chebyshev subspace ofCM(K).
First of all let us recall the definition of A-spaces. Denote U* -{u* G C(K) : there exists uGU such that |u| = \u*\ on K}.
DEFINITION. The finite-dimensional subspace U in C(K) is called an A-space if for every u* G U* there exists a u G t/\{0} such that uu* > 0 on K and u -0 a.e. on Z(u*).
We shall use in our considerations the following result of Strauss [4] . 
